In this paper, we develop a wavelet collocation method with multi-companding for behavioral modeling of analog circuits. In the multi-companding procedure, the nonlinear companding algorithm is developed to control the error distribution continuously, while the adaptive scheme is employed to reduce the number of used wavelets. Consequently, the proposed multi-companding algorithm can not only modify the modeling error distribution continuously but also decrease the number of basis functions efficiently. Moreover, the companding function generation is automatic and can be applied for the behavioral modeling of any analog circuits.
INTRODUCION
Behavioral modeling of analog circuit has become increasingly important with the remarkable development of integrated circuit technology. In the top-down design, simulation based on behavioral models can provide necessary information for designers to select proper architectures to implement the specified functions [4] . In bottom-up design, transistor-level simulation is too expensive in both memory space and time consumption to verify a whole chip containing a large number of analog components. Under such circumstances, behavioral models enable designers to verify the complex system efficiently [1, 2, 3] , because the computational cheapness of the behavioral simulation can result in fast system evaluation.
For modeling analog circuit, it is required to partition the whole circuit into building blocks and express the input-output relation of each block by a nonlinear function. Then the behavioral model of the whole circuit can be established easily. A variety of techniques have been proposed to express the input-output function of the building block, such as developing the function manually by theoretical analysis [1] , and approximating the input-output function by basis functions [2, 3, 5] . The later methods are more efficient and flexible than the former ones. Different basis functions have been applied to approximate the I/O curve, such as polynomial basis [2] , radial basis [5] , and wavelet basis [3] . It has been demonstrated in [3] that the wavelet approximation outperforms the polynomial approximation when dealing with singularities and controlling modeling error distribution.
There are two main methods to optimize the behavioral models by the wavelet collocation method: adaptive scheme [7] and nonlinear companding algorithm [3] . The former one can choose the necessary basis functions automatically according to the approximation requirement and consequently decrease the wavelets number efficiently. But this method can't control the modeling error distribution continuously. Nonlinear companding algorithm published in [3] can continuously control the approximation error distribution. However, in [3] only a very specific logarithm companding function was designed for a specific circuit example. How to design the companding function automatically for any circuits has not been addressed in [3] .
In order to continuously control the modeling error distribution with as less as possible the number of basis functions, we propose in this paper a multi-companding algorithm, which combines the adaptive scheme and nonlinear companding method together. At first, adaptive scheme is employed to approximate the I/O curve of a block to obtain the original error distribution. Then the companding function is generated automatically based on this error distribution. Follow on, this companding function is used to compand the original I/O curve to regulate the error distribution smoothly. Finally, adaptive scheme is used again to approximate the companded I/O curve such that the number of used wavelet can be decreased effectively. It must be noted that in this new algorithm, the generation of companding function is accomplished automatically, which is more accurate and general purpose than the specific companding function conformation approach in [3] .
The rest of this paper is organized as follows. In Section 2, we review the basic principle of wavelet collocation method with nonlinear companding and with adaptive scheme for behavioral modeling respectively. In Section 3, we propose the multi-companding algorithm. In order to demonstrate the efficiency of the proposed method, several numerical examples are tested in Section 4.We draw conclusions in Section 5.
REVIEW OF WAVELET COLLOCATION METHOD
In this section, we shall review the wavelet collocation methods with nonlinear companding and with adaptive scheme respectively.
Nonlinear Companding Algorithm
Without loss of generality, we can assume that the input-output relation of a single-input-single-output analog circuit block can be described by a nonlinear function:
where y is the output and x represents the input defined in
, which is called Input Domain. According to [3] , function (1) can be expanded by wavelet basis functions as: (2) 
is the set of wavelet basis functions, M is the total number of basis functions employed, and { }
is the set of unknown coefficients which can be obtained by collocation method [6] . In [3] , a companding function is proposed in order to control the modeling error distribution continuously, where ( )
and should satisfy the following constraints:
Hence, function establishes a one-to-one mapping from the input domain to the Companding Domain .
( )
Then the input-output function is first companded to its counterpart in companding domain as in (4) 
where . And then is approximated by wavelet :
According to the wavelet theory [6] , higher order wavelets should be employed to the region where the approximated function presents higher singularity. Here, singularity means the fast changing of the function waveform. On the other hand, the number of the wavelets in higher subspace will exponentially larger than that in lower subspace. In order to achieve high approximation error with smaller number of wavelet basis, one possible approach is to decreasing the singularity of the approximated function such that lower order wavelets with small number of basis are enough to achieve the same accuracy.
We use the derivative of a function to quantify the magnitude of the function singularity. The derivative (singularity) of can be reduced to
times of the derivative of the original function by equation (6) .
So we can control the singularity of I/O function by to control the modeling error.
In [3] , two kinds of basic functions: concave and convex functions are proposed to generate the appropriate companding function. But this conformation technique is only suitable for the specific circuit. And how to constitute the general companding function automatically for any circuit hasn't been discussed.
Adaptive Scheme
According to the multiresolution analysis in conventional wavelet approximation theory, adaptive scheme can be used to select proper wavelet basis functions automatically in [7] . This scheme can improve the computational efficiency significantly.
The Bspline wavelets in [6, 7] consist of a closed subspace of :
where the notation stands for the direct sum. ⊕ It is clear that the approximation accuracy depends on the wavelet space level J. For the same approximated curve, the higher the space level is, the less the error will be. There are two ways that can be used in adaptive scheme to determine whether the basis function will be used. One is based on wavelet coefficient and the other is based on maximum relative error.
As pointed out in [7] , the magnitudes of the wavelet coefficients in W will indicate whether a refinement, by increasing the wavelet space level, is needed or not. Assume is the coefficient of the wavelet function
. For a given error bound of
, it means in the region covered by ) ( , x l J ϕ , the approximation is not accurate enough and wavelet order should be increased from J to J+1. Otherwise, it means that the subspace V J is accurate enough to approximate the original system in the region covered by )
The other approach chooses the local maximum relative error as the decision criterion. The maximum error in the region covered by the wavelet in subspace W , is directly compared with a given error bound . If ε , the approximaiton in this region is not accurate enough and the wavelets in the higher level subspace, for example, the basis functions in W , should be employed here. Otherwise, it means that the approximation by space is enough to meet the modeling requirement and no more wavelets are needed in this region.
The essence of adaptive scheme is that when the approximation by space V in a local region is not accurate enough, the wavelet basis fucntion in the subspace will be employed in this local region. But it should be noted that the sighularity of the basis funcitons in is double, compared with that of the wavelet in W . In other words, the singularities of wavelets of the different level subspace applied in adaptive scheme don't change continuously. It, in turn, means that the modeling error can't be modified continuously either, because singularity of wavelet basis functions determines their ability for approximation.
MULTI-COMPANDING ALGORITHM
As mentioned in Section 2, the adaptive scheme can choose the proper wavelet basis functions in approximation region, but it can't modify the modeling error distribution continuously. So, for the analog circuit that processes the continuous signal, this modeling algorithm may not efficient enough. For the companding method, it can control the error distribution continuously, but there is no automatic approach to generate the companding function for arbitrary circuits.
To build the behavioral model of analog circuit with continuously controllable error distribution and minimum number of basis functions, multi-companding algorithm is proposed in this section. The principle of multi-companding is as follows. At first, the adaptive scheme is applied to approximate the original input-output function of a certain block to get the original modeling error distribution. Secondly, nonlinear companding function is automatically generated from the modeling error distribution. Third, nonlinear companding algorithm is used to compand the original I/O curve to control the error distribution continuously. At last, adaptive is applied again to model the block in order to decrease the number of used wavelets. In section 3.1, automatic generation of companding function from error distribution is illustrated. The procedure of multi-companding algorithm will be introduced in detail in section 3.2.
Construction of Companding Function Based on Error Distribution [9]
If we want to increase the approximation accuracy and to obtain the uniform modeling error distribution, we should decrease the singularity of I/O curve in the regions where initial singularity is large by increasing ) according to (6) . So the companding function can be generated based on the original error distribution obtained by approximating the original I/O function by wavelets by the following steps
In order to satisfy the above objectives, the process of multi-companding can be illustrated as follows.
Step . If , when nonlinear companding is applied, the singularity in will decrease and that in will increase. Then, when we use the wavelets to approximate the companded I/O curve, if the companding function is not proper, the phenomenon may happen. That is ultra-companding. In order to avoid this result, we extract the envelope of the initial error distribution function i to reduce the difference of errors in two adjacent small regions. The envelope function ( ) 
( ) x Err
Step 4. Applying adaptive scheme to approximate the companded input-output function and recording the number of wavelet basis functions that have been employed.
As mentioned in Section 2, companding algorithm used in Step 3 can decrease the singularity of the I/O curve and thus reduce the number of used wavelets. The adaptive scheme used in this step can further decrease the used basis function number by choosing the wavelets needed automatically.
Step 3. Building the prototype of nonlinear companding function. As shown in equation (5) ) is the integration of
Step ) generated by the above steps satisfies the companding constraint (ii). In order to satisfy the constraint (i), the final companding function In the multi-companding procedure described above, the nonlinear companding algorithm is developed to control the error distribution continuously, while the adaptive scheme is employed to reduce the number of used wavelets. Consequently, the proposed multi-companding algorithm can not only modify the modeling error distribution continuously but also decrease the number of basis functions efficiently. Moreover, the companding function generation is automatic and can be applied for the behavioral modeling of any analog circuits.
Compared with the companding function design technique in [3] , this conformation algorithm is more generalized, because it generates companding function automatically according to the characteristics of the circuit itself. In the following we will apply this conformation algorithm in the process of multi-companding.
NUMERICAL EXAMPLES
In this section, the switched current delay cell mentioned in [8] is modeled by different modeling algorithm, and then these models are simulated to examine the validity of the proposed modeling algorithm.
Multi-Companding Algorithm
Generally, we can assume the specified modeling error requirement is that the maximal relative error should be less than given error bound ε . (8) In this subsection, the wavelet coefficient is employed in adaptive scheme to pick up the necessary basis functions. The wavelet interval is set to [0, 12] and the error bound ε is 0.01.
Adaptive Scheme Based on Wavelet's Coefficient
Adaptive scheme [7] , nonlinear companding algorithm in [3] and the proposed algorithm are used to model the delay cell, and the modeling results are shown in Table 1 . We can see that, where is the approximation value of .
( ) x fˆ( ) x f compared with adaptive scheme, the proposed algorithm can obtain the similar error with less basis functions, because nonlinear companding has controlled the singularity of I/O function. Compared with the companding algorithm in [3] , multi-companding algorithm can use less wavelets to obtain smaller maximum relative error and smaller mean square error. This is because companding function can modify approximation errors efficiently and adaptive scheme can further decrease the number of used wavelets.
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Adaptive Scheme Based on Maximum Relative Error
In this subsection, the same examples are tested by using the maximum relative error as criteria in adaptive scheme. The modeling results are shown in Table 2 . When the same error bound is specified, 691 and 640 wavelets are used by adaptive scheme and nonlinear companding algorithm in [3] , while only 400 wavelets are used by multi-companding algorithm. So compared with the other two algorithms, the proposed algorithm can model this cell with less basis functions, while similar maximum relative error and mean square error are obtained. 
